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LINEARIZEDPOUIN’’l?IALTHEORYOFPROHIIJXll

JIJXJCTIONIN A COMPRESSIELEFLow

ByRobertE. Davidson

Thepotentialofthelinearizedflowfora lifting-linepropeller
ofarbitrazycirculationdistributionat subsonicadvanceisderivedin
cylindricalharmonics. Fromthepotentialtheinducedsagleat the
~ftinglineiS obtained.Theseriesexpressionfortheinducedangle
isdivergentas istobe expectedforliftinglinesin supersonicflow,
butthisdivergenceisremovedwhenthesupersoniclifting-lineinduc-
tionisremoved.A phenomenonresemblingresonanceinvibratingsystems
introducesitselfinthatonetermintheseriesbecomesverylsrgecom-
paredtotheothers.Themainconsequenceofthisphenomenonisthat
theliftdistributioncannotbe arbitrarilyprescribed;ontQeother
hand,theinverseproblem,inwhichtliepropellergeometryisgiven,
isacceptable.

INTRODUCTION

Ihorderto calculatetheinducedangleofattackofthepropeller
bladesectionsforcompressibleflow,thevelocitypotentialforthe
completeflowfieldmustbe d&ived. Inasmchas theequationofmotion
changesfroman elliptictypetoa hyperbolicme at theradiuswhere .
thepropellerblade,orthebladeprolonged,isatMachnumberone,the
disturbancepotentialturnEouttobe ofmixedellipticandhyperbolic
character.Withincompressibleflow,thedistantboundarycondition
is certainlythatthedisturbancepotentialmustbe zerofaroutradially
andfarupstream.However,withcompressibleflow,thepossibili~of
propagationofdisturbancesfarahead,especiallyina closedwindtun-
nel,mustbe admitted.Therefore,theoneproblqbecomestwo;the
ellipticfield,whichisessentiallyincompressible,andthehyperbolic
aredeterminedby differentphysicalconditions.

Thevelocitypotentialisobtainedby superposingsuitablesolutions
ofthecompressibleequationofmotionontheknownfar-wakevelocity
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potential,whichisalsoa solutionofthecompressibleequationof
motion.Thisfar-wakepotentialextendsonlydownstreamofthepro-
pellerandprovidesthejumpinpotentialatthetrailingvortexsur-
facesandthedownstreamfeaturethatthefarwakemustbe thesameas
forincompressibleflowexceptforrandomwavemotionor noise.There-
fore,theproblemreducesto superposingtheellipticandhyperbolic
fieldsin sucha mannerthatcertainphysicalconditionsaremetat
thepropellerplanewherethefar-wakepotentialis cutoff,an obvious
conditionbeingcontinuityofthevelocityvector.Thecut-offofthe
far-wakepotentialat thepropellerplanecreatestheliftinglines
there,sincethisterminationofthesurfacesofa potentialdiscon-
tinuityis equivalentto a liftingline.

In thedifferentiationofthepotentialattheliftingline,a
difficultyistobe anticipatedinthata liftinglinehasinfinite
wavedragin supersonicflow,andthisconditionispartofthetheory
inasmchasno restrictionsareplacedontipMachnuniber.Someof
the~erbolic inductionattributedtotheliftingLLnemusttherefore
be separated.Thisunwelcomeinductionis foundinthehyperbolic
fieldbutisabsentintheellipticfield,aswouldbe expected.

Forthemostpart,onlythecaseofpropelleroperationina closed
circularwindtunnelis considered,althoughthewaythepotentialmay
be obtainedinfreeairis indicated.Theonlyreasonforemphasizing
thetunnelis that,whereseriesoccurinthetunneltheory,integrals
occurforfreeair. Theseriesseemmoreamenableto investigation
thantheintegrals,anditisbelievedthatfreeairis thelimiting
caseinwhichthetunneldismeterapproachesinfinity.

B numberofblades

M advancelkchnumber,V/a

v advancevelocity

R.P. realpart

a velocityof sound

i=fl

t time

Ua axial disturbancevelocity,positivedownstream

.

.



.

.,

NACATN 2983

tangentialdisturbance
propeller

disturbance
nates z,

argumentof

rotation

velocities

3

velocity,positivein directionof

inpositivedirectionsof coordi-
r,@ a, respectively

jthextremevalueofBesselfunctionof order nB

dimensionlesscylindricalcoordinates(eq.(4))

cylindrical.coordinates

circu@tionat p

disturbsmcevelocitypotential

complementarypartsofvelocitypotential@

inducedangleofattackatblade

helicalangularcoordinate(eq.(7))

particularvaluesof p’forpropellertip,tunnelwaU.,
andsonicradius,respectimly

angularvelocity,radiansperunittime

incompressible

compressible

Partialdifferentiationis indicatedby subscripts.

VELOCITYPOT!ENTIALFORI?LOWINA CLOSEDCIRCULARWJNDTUNNEL

Fora linearizedtheory
mustsatisfytheequation

thedisturbanceveloci~potential@

-1-& gr2+ + $W + $Z2Z2 (1)
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inwhich z2,r2,~ are
fluid,t isthetime,

mmm 2983

cylindricalcoordinatesfixedin thedistant
and a thevelocityof sound.Incoordinates

whichrotateandadvancewiththepropeller,theflowis steadyafter
thepropellerhasbeeninoperationfora sufficientlylongtimeunder
constsmtconditions.Let zl,rl,~ be thecoordinatesinthemoving
systemtith Z1 alongthepropelleraxisofr,otationandwithpositive
directionsdownstream,outwardfromtheaxis,andcounterto thepro-
pellerrotation,respectively(seefig.1).-
advanceofthepropellerand u theangular
thetransformations

Z1=Zp+vt

intoeqyation(1)leadstothe

Thisequationhasa
differingfromthe

al=%+~t

If V isthevelocity
velocity,substitution

rl = r2

steady-flowequation

+1
‘$ (

&12

r12 9% 1 a2 )
-— - tizly$ =

●

morecompactformina thirdcoordinatesystem

CDzlx=—
v

Inthisnewcoordinatesysten

systemonlyin thelengthscale;that

@rlp._ a= al
v

equation(3) becomes

of
of

(2)

o

(3)

Xjpja
is,

(4)

(5)

InthehelicalcoordinatesofGoldsteinandReissner(refs.1 and2,
respective~)eqtition(5) becomes

LXP2 + @pp + *@p + @@ + P-2)- @& ‘ o (6)
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throughthetransformation

5

(7)

Inthefarwake,theobliquesystemusedinequation(6)hasadvantages
becauseofthehelicalnatureoftheflow.However,exceptforfar-wake
considerations,eqution(~)is referredbecauseofitsorthogonal
coordinatesystem. ?)b equation6 if M = 1,then P = O andthe
equationsuffersthedegenerationtypicalofthelinearizedequations
of flowinthatthecoefficientofthe @n termisno longerrepre-
sentedby ~ withsufficientaccuracy.ThereforetheadvanceMach
numbermustnotbe toocloseto”one.

Equations(5)”and(6) maybe shownto changefroman elliptictype
toa hyperbolictypeona cylinderconcentricwiththepropellerWs
ofrotationwitha radiussuchthatthecorrespondingp is

(8)

where J3= (r@. As onewouldexpect,equation(8) definesthe
cylinderonwhichtheresultantvelocityoftheundisturbedstreamin
themovingcoordinatesis equalto thespeedof sound.Becauseofthe
c-e in@e of theequtionofmotion,mixedelJJpticandhyperbolic
componentswillgenera13yoccurinthecompletesolution.

ThepotentialgivenbyReissnerinreference2 forthefarwake
isalreadyina usableformforcompressibleflowbecauseit satisfies
eqyation(5)or (6). Thispotentialisfora propellerofarbitrary
circulationdistribution.Adaptedto thecasewherea circularwind
tunnelispresent,Reissnerispotential~ forthefarwaketakes
theform

(9)

_ ——.—..———.——— —.——. —— -————
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hn(p)‘-K(P)
r

UP)K’(PT)
I’(E)E&k +

r aI’(E)#& -
0 I’(PT) O

(P< Pa) (lOa)

r’-K(P)I’(@)+ I(P)K’(PT) a
‘n(P)= I’(3)~g dg (Pa< P<~)

m~) o

(lOb)

Intheseequationspa and ~ arethevaluesof p forthe
propellertipandthetunnelradius,respectively,B isthenumberof
blades,r =r(p) thecirculationdistributiondependingonlyon p,
and K(p) and I(P) areabbreviationsfor K&(nBP) and I@(nBP),

respectively,whichareBesselfunctionsof imaginaryargmnent.The
primeson K’(p) and I’(p)denotedifferentiationwithrespectto p,
notwithrespecttotheargumentnBp. Theangle ~ is zerohalfway
betweenvortexsheetsfromadjacentbladesandislimitedto - ~*<[<g
withthevortexsheetsat * ~, + ~, . . ..

ItishnediatelyapparentthattheReissnerpotential,independent
of x, isa solutionofequation(6) andhenceof eqyation(5), because
fora potentialindependentof x, eqwtion(5) isLaplace’sequation
inthe p,~ system.Therefore,theReissnerpotentialequation(9) is
consideredasthefirstcomponentofthevelocitypotentialforthepro-
pellerwithcompressibleflow,butitsregionofapplicationisonlyin
backof,ordownstreamof,thepropellerplane.Thus,thejumpin @
atthehelicalsurfacestrailingfromthebladesisprotided.Therefore,
theflowdividesnaturallyintotworegions,oneinfrontandtheother
inbackofthepropellerplane,bothinsidethetunnelwall. Therest
oftheproblemconsistsinaddingsuitablesolutionsof equation(5) in
frontandinbackofthepropellerinordertotakeaccountofthe
physicalconditions.
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Theappropriatesolutionsofeqmtion(~)are

asmaybe verifiedby directsubstitution.Theconstantsn and Z are
free.Thetunnel-wallboundaryconditionreqtiresthat

(12)

where y~.
xl

istheargumentoftheBesselfunctionin equation(n) at
thejthe remevalue.Fromequations(8) and(I-2)

wheretheplussignischosentodefine‘nds

Eqmtion(U) nowbecomes

~imz

m“( )*Znj+i— X
P#e

me notation ~F refersto w infrontorbackofthepropeller
B

the F goingwiththeuppersigninthebraces,andthe B Mth
lower.‘Themeaningofthetwofunctions,oneabovetheother,in
isthattheupperfunctionisusedwhen %! isreal,thelower,

(13)

(14)

plane,

the
braces
when

—-. . ——



imagirm-y. Itis convenienttouse 1~ to indicatetheimaginary
values.Theupperfunctioniscalled,forconvenience,theelliptic
solutionbecauseitdiesoutexponentiallywith x, andtheloweris
calledthehyperbolicbecauseitoscillatestithoutdyingout. This
complication,twopossibilitiesforfunctioncharacter,mustbe accepted
becauseofthemixedflow.

Twomorephysicalconditions,altogetherdifferent,havebeen
imposedinthechoiceoft insteadof~inequation(14)forthetwo
functionsp inthebraces.Theoriginof x hasbeensetatthe
propellerplanewith x positivedownstream;fortheellipticfunctions
thechoiceof signsisobviouslythatwhichmakesthesolution~“sh at
x = *. Thechoiceinthehyperboliccaseissuchthat,since -iz~
ispositive,thesolutionsoscillateforgivenvaluesof n and k
withhigherfrequenciesinfront-thanbback ofthepropelJer,in
accordancewiththephysicalobservationinreference3 that wavessre
crossedwithhigherfrequencyinfrontthaninback,proceedinginthe
axialdirection.

Therestoftheproblemistomakesuperpositionsof.eqpation(14)
ontheReissnerpotential,whichoccupiesonlytheregioninbackof
thepropeller,insucha waythattheflowiscontinuousinthepropeller
planeofftheliftinglines.

Becauseofthediscontinuousnatureofthe
tion(9), thecompressiblefieldswhichmustbe
termscomposingequation(9) mustbe determined
purpose,let

firstterm.ineqqa-
superposedonthetwo
separately.Forthis

(o< x) (15)

(x <o) (16)

inwhich ~ isthefirst,ordiscontinuous,functioninReissner’s
potential(eq.(9)), ~ isthesecond,or continuousone, ~ and ~

B B
arethesolutionsoftheformofeqmtion(l!),and yoF aredegenerate

B
solutionsoftheformof equation(14)with n = O. Nowtheoriginfor
thecoordinatea mustbe decided;thisistakentobe halfwaybetween

—
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blades.Theanglesa and ~ arenowthesameat x = O,withthe

nearestblades(liftinglines)at u = [ = i ~, x = O. Theangles

~ = * f inthe x,p,~ systemareat

on eachsideof ~ = O.

Thecompressiblepotentials~B
continuous
tinultyat

Reissnerfunction~ are
thepropellerplane.From

9

thenearesttrailingvortexsheets

and @ which
nowdetermined
equation(9)

accompany thedis-
toprotidecon-

(l?a)

()~R = R.P. ~ ~ ~ ‘2$1)”rnjJ~~ p ei~(u-x)(-i) (1P)
n=l j=1 T

wherethesecondformisobtainedfroman exmnsionof a - x ina
Fouriersineseriesandanotherexpansionof”I’(P)intheform

m

r(p) = x r)
&j

rnjJ~ ~ P
j=1 T

inwhich rnj isreal. ThisFourier-Besseltypeofexpansionisused

repeatedlyherein.h particular,theargumentsoftheBesselfunctions
arealwaysadjustedthroughthe&equencycoefficienty&j/PT tomake

theextremesfallat thetunnelwall PT;inwhichcase rnj iS given
by (seeref.4,p. 174)

_— ____ ——--- --- —. . . —
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Thefunction
propeller,causes

NACATN

~R,whichislimitedtotheregiondownstreamof
a discontinuityin theaxialvelocityandinthe

2983

the

potentialatthepropellerplsae x = O. Inoddertoavoiddifferentia-
tionof equation(1~),thediscontinui~inaxialvelocitybroughtby
~ canbe obtainedfromequation(17a)directlyatieliminatedwitha
degeneratetermfromequation(14)obtainedby settingn = O; the
resultis

inwhich ~j istobe
introducedby ~oF,and

B
by

(20)

determined.NC discontinui~ofpotentialis
thediscontinui~in

. No;-1 [x)
X=o ax_

Fromequations(17a)and(20),equation(21)

axialvelocityis canceled

[1.~oF
axX=o

becomes

By usingequation(18), thecoefficients%3 become

(a)

)P (22)

(23)

Thediscontinui~inaxialvelocitybroughtby theReissnerterm ~
isthereforecanceledby superposingthepotentials



l-l

,,.

.

only
remains.

thediscontinuityinpotentialat x = O causedby
%

ThisU.scontinul&is canceledby requiringthat

pk] [1
x++ *BX4= ~] (25)

X=o

and,inordertopreventintroductionofa discontinuityinsscial
velocityat

inwhich ~

adopted.from

x = 0,by requiringthat

~vjxa = &

comesfromeqy.ation(1~),

equation(14),

r

-2(-l)n
Iit3

“1~F
X=o

(26)

and @ iswrittenin theform,
B

(27)
inwhich Anj and ~ maybe complex;thatis,

&j=~J+i~

AIlk=41k+i4k

—————— ..—. —.- -- ———. —.. .



12

The
3 =

the

McA TN2983

range k =I_,2,3, . . . ~ denotesthehyperbolicterms,and

%’ jo+lJs~p ● . .w denotestheelliptic.Here, ~ denotes
lasthyperbolicterminthesummationand j.= ~l. Substituting

equations (1~) and (27) into equation(~) gives - -

{::1+~:::(28)
and,simik~, substitutingeqpation(~) intoequation(26) gives

Equations(28) and(29) eachbreakinto

1‘~F

(29)

‘ah

twoequationscorresponding
totherealandimaginsrypartswhichyieldthefollowingsolutionsfor
theellipticfield:

andforthe

lra&F=-a~B=-~nj

&perbolicfield

%F=%UM=O

(30)

(31)

“

“
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The ccefflchnt6 given
according to equatf.ons
tions (lya), (24), and

by equations (3Q)and (31) are now to be used in equation (2’7). Then

\
l_5) and (I4), the Y ~ of the potential given by collecting equa-

F

27) is, fortheredon inback, 2

and in front,



Equations(52)and (33) comprisethefinalresultsforthe ~ part
ofthepotentialfb.

Nowconsiderthe (p part. Theprocedureisnearlythesame,only
thistimethediscontinuityin-al velocitywillnotbe dealtwith
separatelybecausethe ~ partofReissner’spotentialisa smooth
Fourierdevelopmentin a - x whichcsmbe Ufferentiated.Thecon-
tinuityconditionsatthepropellerplane x = O become

Hx.+H..=Elti

(34)

(35)

inwhich ~ is-thesecondtermineqpation(9). Thisterm~ be
written,inthe x,p,a system,as

-2(-l)n h ~p)em(a-x)~=R.P.&~ ~ n (-i) (36)

or,alternatively,

where

(38)

.

.

and ~ is real.

—

“
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are obtained from equation (~) with $ replaced by g ad some new coeffl- E
s

substitutedfor ~. !2

part of the potential now becomes, with the ~J determined from
and (35) in a msmner similar to that for A~,

for

,-

equations (54)

H
-m-i

‘njP2

(i-1+
nB

)-f2*p2 {

()1 +1*7 x
n~ p~

e

( )Ji -iLn~#2x
Pg

e

(40)

Equtiom (39)* (~) addedto equations(32)and(33)determine the velocity potential
the prope~r in accordance with equations (1.5)and (I-6).

G



PRANDTL121DUCEBVELOCITIESN!?THELIl?TII?GLINE

ThePrandtlinducedvelocities,inthesenseusedherein,areanalo-
goustothoseoftheconventionallifting-linewingandpropellertheo-
riesofPrandtlandGoldstein.Morespecifica12yjthePrandtlinduced
velocitiesarethosewhichmustbe presumedtobe alreadypresentat
thepositionofthebladesinordertoassumethattheairfoilsretain
locallytheirsameperformsaceas intwo-dimensionalflow.Withincom-
pressibleflow,itwasverifiedexperimentallythattheinductioncould
be determinedwithsufficientaccuracyby assumingthewingorbladeto
shrinkintoa liftinglineandthenapplyingtheBiot-Savartlawover
thetrailingvorticesexcludingtheliftingline.Thissimplification
oftheintrinsicgeneralthree-dimensionalproblemhaslongsince
proveditsworth.Thereforeitisnaturalto seekextensionsin
approachingthecompressibleproblan.On theotherhand,it isdan-
gerousto relyonexperiencewithincompressibleflowforguidancein
supersonicmatters.Sincethepresentproblemconcernsa mixedsubsonic
andsupersonicflow,itwilJ_be expectedthatquestionswillarisewhich
willhavetobe settledby considemtionsofbothsubsonicandsuper-
sonicflow.Finally,forthosewhoaremoreinterestedin the‘general
three-dimensionalproblemratherthanan engineeringconcept,itis
remarkedthatthetheoryis stillapp~cabletoa lifting-surface
problemwhenthosestepsareom.ittedwhichspecializetothelifting
line.

Theinducedvelocities,ordisturbancevelocities,aregivenby
differentiationsof @,butthealgebraicsignisstillopento a choice
whichismadesothata forward-thrustingpropellerpushestheairre&r-
wardinthefarwake. W thepropellerisassumedtoproducepositive
thrustwhen r(p) ispositive,t- t~ velocitiesfithePositi~
directionsofthecoordinatesmustbe

whichmay
thebasic

%1=-9z1 ‘rl’-@rl ~=-~~~ (41)

be checkedbymeansoftheReissner~ term,whichproduces
disturbancevelocityinthefarwake,as follows:

Since

m(P)
(w=~wpl)

“
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%1 is seentobe negative,butsincethepropellerrotatesinthe
negativeCL1direction,%1 is.4velocityinthesamedirectionas

therotation,as it shouldbe;on theotherhand, %1 ispositive,
butsince Z1 is positivedowmtream,WI ispositivedownstream,
alsoas it shouldbe.

Inpropellertheory,it is customaryto consideran axialveloc-
ity ~ anda tangentialvelocityut,whicharepositivedownstream
andinthedirectionofpropellerrotation.Since Uzl ispositive
downstream,but WI ispositiveagainstthepropellerrotation,
% = Uz~ and ut = -MI. Therefore,fromequations(41)and(4)

%’ -:$X

determinetheconventionalaxialandtsmgentialvelocitiesfromthe
velocimpotentialinthe X,P,U system.

(42)

(43)

Itis immaterialwhetherthedifferentiationsinequations(4-2)
and (43) areappliedto ~ or ~ whenthedifferentiation,which
isnotstraightforward,ismadeat the.1.iftinglines.Suppose~ is
usedandconsiderfirstthe ~ partof @ (eq.(s2)).Forthe ~x
differentiation,thesecondtermin equation(s2)cancelsone-halfof
thefirstterm. If itispermissibleto differentiatetheremaining
term,thenat x = O and a = ~,whichmeanstheliftingline,

1mf-
-iz*pJ+

(44)

. . ..— —
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that is,
far-wake

the w partof & at
valueplussomeeffects

theliftinglineis
fromthehyperbolic

~M m 2983

one-halfofthe
partof thecom-

-mressiblefield:Thedifferentiationinthe a directionismadewith
~egardfortheFourierdevelopmentofthesaw-toothfunctionwhichcan
be recognizedin equation(52)at x = O. For x =0 it is seenthat
the.i inthefirstbracegivesa term

J=m

()

Y&j ~
~ k=ko

[}[ }

rti fi—

7Z

-2(-l)nl %
R.P.& 5

(i)eiti
n= = nB

()

y~k
k=l” rti J~ —

#

butfromequation(1~) thistermis just

and,therefore,
differentiation

2&.–

thedifferentiationofthistermcancelsone-halfofthe
of thefirsttermin equation(52).In otherwords,the

derivati~eof theaboveFourierserieswithrespectto m istobe
interpretedas thederivativeoftheslopingpartofa saw-toothfunc-
tionof a whichtheseriesactuallyrepresents,thedifferentiation
beingperfomedofftheteethofthesaw-toothfunction.Thischoice
“ofinterpretationis justifiedby thefactthatby sodoingthetheory
givesthecorrectresultswhendegeneratedto incompressibleflow.

SinceR.P.(eiti)contributesnothingat a =$, formaldifferen-
tiationoftherestof eq~tion(52)gives

b 1

.-k+b~+@+@ 2&
X=o I

.

.

(45)



. ,

Therefore, the * part of
the hyperbolic field.

Next equation (39)is

x=O and a=~, giv’es

da Is also one-halfof the far-wake vEQue plus some

differentiated. The differentiation of the real part

k=l

effects from F

along x, for %

However,fromequation (38),the
by the SaIM considerations as for

L d

(46)

nH tenDEin thelastbrace cancel one-bal.fof the ~ term

equation (45).Therefore, equation (46)becomes
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and,similarly,

Eqmtiom (4-4),(45),(47),ad (48)give @x and da at the
liftingline,buttheymustbe expectedto includesomeinductionfrom
theliftinglineitselJ?.This~t oftheinductionnustbe discarded
inordertohavethePrandtlinducedvelocitiesat theliftingline.
It shouldbe possibletorecognizetheinductionoftheliftingline
fromaninspectionofequations(44),(45),(47),and (48). h equa-
tions(44)and(4.5),thedoublesunmationhascoefficients17& which
dependdirectlyon thecirculationdistributionr(p) alongthelifting
line;whereash~ inequations(47)and(48)dependon hn(p)which
expressesthefieldproducedby17(p).Therefore,the~erbol.icterms
ineq~tions(4-4)and(45)arenowdiscardedasbei% causedby the
liftinglineitself.

Somefurtherexplanationofthisstepisperhapsdesirable.Itis
thisoperationwhichmakesthelifting-lineconceptapplicable
althoughtheflowhaspartlysupersoniccharacter.Theliftinglinein
supersonicflowhasinfinitewavedragwhichshowsup inthefactthat
thevelocitiesassociatedwiththe ~ partoftheReissnerpotential
areexpressedbyserieswhichdonotconverge(eqs.(44)and(45)).
Furthermore,ifthetheoryisallowedtodegenerateto thecaseofa
largenumberofbladesat a largedistancefromtheaxissothatthe
potentialmaybe consideredindependentofradius,therepresentation
ofan infinitestaggeredcascadein supersonicflowisobtained,the
propertiesofwhicharealxeadyl-mown.men thehyperbolictermsin
equations(44)and(45)areseentorepresentjusttheself-induced
fieldof eachcascadeelementby itself.On theotherhand,it isthe
self-inducedfieldwhichmustbe takenoutinorderto obtainthe
Prandtlinducedvelocities.Thereforetheindicatedrejectionis in
accordancewiththelifting-lineconcept.
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substitutionOf equations(44)and(47)intoeq~tion(42)@ves

(49)

andsubstitutionofequations(45)and(48)intoeqya.tion(43)gives

inwhichthebarsdenotethePrandtlinducedveloci~,thesubscriptsc
and i refer
termsin rti

to compressibleandincompressible,respectively,andthe
havebeendiscarded.

DISCUSSION

TheBesselfunctionsinequations(49)and (50) arethoseshownin
figure2. Itis shownsubsequentlythatthesefunctionsaredistributed
overtheradiusin sucha waythatthefirstinflectionpointofthe
Besselfunctioninthe~th termfallsonorverynearthesonicradius.
Forthelower k termsthefirstinflectionpointisprogressivelymore
outboardof thesoniccylindersothatat k + 1 itisnearthetunnel
wall.withthefirstextreme(amaximum)of theBesselfunctionrightat
thetunnelwall. For k = 2,thesecondetireme(aminimum)isat the
tunnelwall,andsoforthforthesucceedingvaluesof k as isseen
frominspectionoftheargumentsoftheBesselfunctions(seefig.3).
Finally,at k = ~, whichisthehyperbolictermwiththelargestk,
themaximumnuniberofoscillationsof theBesselfunctionoccurand
theseoscillationsareallconfinedbetweenthesoniccylinderandthe
tunnelwall,becauseaswaspointedoutabove,thefirstinflection
pointofthe~th Besselfunctionfallsat ornearthesoniccylinder.

TheprocessofdistributingtheBesselfunctionsovertheradius
influencesthevaluesof 1~ obtainedfromequation(13).Thisfact
bringsup thesignificantpointthat Z* canapproachzeroandthus
producean effectsimilartoresonanceina Vibmtingsystem;each
narrowrangeof conditionsforresonanceisan extradegreereducedby

.

—————_——— ——
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thesquare-rootoperationinequation(13).An identicallyzerovalue
of 2* mesmsthatsomeadditionalconsiderationsarerequired.How-
ever,whenlaterthecaseofa propellerinfreeairistakenup,the
summtionsover j and k passtoradialintegrationsinwhichthe
difficultyof zero 2* appearsasa square-rootsingularitywhich
causesnotroubleandprovidesthefirsthintthata near-zerovalue
for Z* istobe regardedas a necessaryfeatureof thetheorydue
toa resonanceproper@oftheflowina tunnel.

Generationofthecoefficientsh~.- Thecoefficientsh~ are
thoseina Fourier-BesselexpansionoftheReissnerfar-wakeradial
functionhn(p).Thefunctionshn(p) havetheappearanceshownin
figure3. Thefunctionhn(p) hasa discontinuityin itsfirstderiva-
tivebecause,when,hn(p) isaddedto l?,theresulti@functionmust
be smoothinordertomakeequation(9)givea continuousflowat,

. Alsosketchedinfigure3 aretheBesselfunctionsforgiven
k;u~ of nB usedintheexpansionof hn(p).Thesefunctionshave
theirexlm~ valuesonthetunnelwall ~ as isrequiredby the

Y&k~
arguments— . OnlytheBesselfunctionsforthe@erbolic terms

P~
inthevelocitypotentialareshown,theonesappearm inequatio~(49)
and (50). Thevalue k = 1 correspondstothe,Besselfuncti?nwiththe

firstextremevalueat p =
y~k

@ becatie,frmntheargument-p,

when ‘p rangesfrom P =0 to ~ itgenemtestheBesselfunction
up tothefirstextremevalue.The~th functionis theonewithfirst
inflectionpointand pS nearlycoinciding.Thus,forthecaserepre-
sented,ktakesonthevalues k=l to k= ko= J whichcorrespond
tohyperbolictermsintheveloci~potential.Thetermswithhigher
numbersof extremesarenotshownbecausetheyhaveellipticflow
character,andtheywouldmerelyproducemoreandmoreoscillatorypor-
tionsinboardofthesoniccylinderp = PS.

Ithasbeenstatedthatthefirstinflectionpointofthekoth
Besselfunctionfallsat ornesrthesonicradius.A moreprecise
statement,however,wouldbe thatthe kothBesselfunctionhasits
argumentequalto itsorderat ornearthesonicradius.However,the
inflectionpointhasmoremeaningforvisualizationpurposes.Further-
more,it canbe shownthattheargumentatthefirstinflectionpoint
isnearlyequaltotheorder,iftheorderisnottoosmall,withincon-
sidembleerrorasmaybe seenfromfigure2. Thiscoincidencethat
the~th Besselfunctiontendstohve an argumentequaltotheorder
at ornearthesonicradiuswillnowbe demonstratedanditistobe
inferredthatthiscoincidencealsoappliestothefirstinflection
point.Itwillappearthatthecoincidenceoftheargumentwiththe
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,’

.

orderisexactif 1
%=0”

Fora zerovalueof tn~, equation(12)

showsthat

or,

(51)

whichstatesthat
theorder nB at

If 2* is
true.Thus,from

f

theargumentofthe~th Besselfunctionisequalto
thesoniccylinderP = PS if 1% isexactlyzero.

notexactlyzero,thenequation(51)is stillnearly
equation(12)

(52)

whichshowstl& since
terms,theargumentof
than nB. Thereverse

Id is imaginary,correspondingtohyperbo~c
theBesselfunctionat thesoniccylinderisless
wouldbe trueifthetermswereellipticsothat

Znj wouldbe realfromequation(L?).Itappearsthenthat,in fig-
ure3,the~th Besselfunctionhasitsargumentequalto nB just
outboardoforat’PS,dependingonwhether1* ismerelycloseto
zeroor identicallyzero.Further,thehyperbo~ctermswith k lower
than ~ havetheiroscill.ato~portionsmoreandmoreoutboardofthe
soniccylinderp = Ps as k decreasesfrom ~.

Thesoniccylinderandtunnel-wallradiusinrelationtothefirst
appearanceof~erbolic solutionsin thevelocitypotential.-The
~erbo~c solutionsfirstentertheveloci~potentialwhenthesonic
cylindercomesinsidethetunnelwall. Ifequation
theform

(13)iswrittenin

— --.—— — ———.
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thensincethehyperbolic
thisstatementis seento
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solutionshaveimaginargz~ theproofof
consistin showingthatthesmallestpossible

‘hkisunity,whichis showntooccurwhen ~valuefor — =1 and
B&co. Thi$proofwillplacea lowerlimiton @ fortheoccurrence
ofimaginary2~; thatis, ~ mstbe greatertham pS forimaginary

‘nk to occur.Therefore,thesolutionscannotchangetypeunlessthe
tunnelwall.is outsi~ethesoniccylinder.Itisobtiousthatthe

y~ksmallestvalueof — mustoccurfor k = 1 becausewiththisvalue
nB

of k theargumentofthefirstextrememustbe lessthansM.succeeding
arguments.It,therefore,remainsto showthatthesmallestvaluefor
Y&l

isunity,whichfollowsfroma formulaonpage143ofreference5nB
thatholdswhen nB isLarge,

yin~l+o.W6183@+
nB . . .

nB

Hence

(54)

.

(53)

.

whichcompletestheproof.

Diagrsmaticpointofviewofzero Z* inrelationto the

argument of the Besselfunction.-Figure4 givesa viewlookingdown
theverticalaxisin figure2 showingthetracesoftheextremesof
J~(y) onthe nB,ypla,ne.Theslopesofthesetracesapproachunity
as riBand y becomelarge,a prope~ oftheBesselfunction.For
a givenpropelleroperatingcondition,pT and PS maybe calculated;

by plottinginfigure1 thefunction%— nB,itispossibletotellby
Ps

inspectionofthefigurehowmanyhyperbolicsolutionsarepresentin
eachk-wisesummation,andthepossibilityofa zerovaluefor %
maybe appreciated.Fromequation(51),theconditionforzero
is 2%

.
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Y&%

Iftheline ~ nB intersectsone
P~

mm=—
Ps

(55)

ofthetracesoftheextremesonan

integralValue”ofnB,thenthecorresponding
‘%

tillbe zero.For

example,ifthedashedlinethroughtheoriginin figure4 represents
Rl-
~ nB fora givenoperatingcondition,then %

for nB = 8-

k-=~ = 2 wouldbe zero.

ThedashedlineinfigureJ mayalsobe takenas an indicationof
whatpartsof theBesselfunctionsJ~(y) areusedfortheelJAptic
andwhatpartsforthehyperbolicsolutionsat ~ givenoperatingcon-
dition.Eqpation(13)showsthisseparationbecmseimaginsry2~ @e
givenbyequation(13)sothatthesolutionsarehyperbolicwhen

u(@2 > ykk 2

PS2 P~

or

whichmeansthatfor&perbolicsolutions,thetracesoftheextremes
m’y~k mustbe belowthedashedline— IIB.SincetheslopesoftracesPs

oftheextremesapproachunityas nBew, thefirstappearanceof

hyperbolicsolutionsoccurswhen w— = 1,becauseforthiscasethe
%

Ps
line ~ nB alsohasslopeunity(shownas thesolidstraightline

throu&”theorigininfig.4).

Thesuppressionofresonantterms.-Thediscussionoftheresonant
termsisbasedontheassumptionthatintheseriesexpressionforthe
inducedvelocities,ortheinducedangleofattackat theblade,only
onezeroof

‘n%
canoccurwithina finitenumberoftermsinthe

-. . —.-— _ ————.—___ .————
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series.Intheauthor’sopinion,thisistruebuta rigorousproofis
lacking. Froma practicalpointofview,theseriesdoesnotneedto
be computedtoa greatnumiberofterms,becausethehighertermsexpress
theircontributionstotheinducedanglethroughoscillatoryfunctions
ofhigherandhigherfrequencysothattheyeventuallybecomeunimportant
ina practicalsolution.Thusthequestionofhowmanyresonantterms
mustbe dealtwithcanbe answeredforpracticalpurposesby thefact
thatina seriesofa reasonablenumberoftermsonlyonezeroof Z*
canoccurata timesothatthereis justoneresonantterm.

Considera propelleroperatingat conditionswhichmakea particular
1* exactlyzero.Withthiszeroof Z~ isassociateda resonant
termormmleintheseriesexpressionfortheinducedagle ofattack.
Nowsupposethepropellertobe twistedsothattheangleofattack
withrespecttothezero-liftamglesoftheairfoilsectionsis eqti
to theresonantmodemultipliedby somefiniteconstantfactor.This
propeller,accordingto thetheory,is subjecttodegene~tecompressi-
bilityeffects,whichcanbe seenwithoutcalculationas follows:

(1) Sinceinfiniteinducedvelocitiesarep~sicallyimpossible,
it is seenfromequations(49)and(50)that h% mustbezero;that
is,thelitidistributionofthepropellermustbe suchthat h

~% o
~ is

zerosothattheratio— = — appearinginthoseequationshasa
2* o

finitevalue.

(2)Theonlyvaluefor h@Z~ w~ch produceszero h% is
thatwhichmakestheresonantinducedangleexactlycanceltheblade
twistsothattheliftis zeroallalongtheblade.

Thereforetheonlysolutioncompatibletoboththecompressibleand
incompressiblecomponentsoftheinductionisthattheliftremains
zerowiththeindeterminateratio h~/Z* takingwhatevervalue
isnecessarytomak theresotitmodeexactlycompensatetheprescribed
angleofattack.It seemsreasonabletoexpecta similarsuppressionof
theresonantmodewhentheangle-of-attackdistributionisarbitrary.
Therefore,in compressibleflow,theerbitra~prescriptionoflift
mustalwaysbe madewiththerestrictionthat h* fortheresonant
modebe zero. Thecorrespondingpropellergeomet~is seentobe
indeterminateinthatthegeometricangleofattackcanbe altered
inproportiontotheinducedangleoftheresonantmodewithoutchanging
theprescribedliftdistribution.

,

.

Theotherproblem,inwhichthepropellergeomet~isgiveninstead
of theliftdistribution,ismorerealistic.Here,theliftdistribu-
tionmustagainyieldnoresonantmode(h% = O) andisdetermined
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accordingtotherequirementthattheliftingpropertiesof theblade
andtheinducedanglesduetoallthemodesincludingtheresonantmode
withfihiteh@/Z~ mustproducetheliftdistributionbywhichthe
modesaredetermined.Inpracticethissolutionwouldbe obtainedby
an iterationprocess.

Assumea propelleroffixedgeometry.Theliftdistribution,or
otherwiser(p),is tobe determinedalongtheblade.Iftheresonant
termisassumedtobe zero,sucha distributionalongwiththedistribu-
tionof inducedvelocitiesandinducedan&es canbe determined.Sup-
pose,however,thata resonanttermoccursin theinducedvelocities
and,correspondingly,intheinducedangles.Theinducedanglesare
theninfinitelysensitiveto smallchangesintheliftdistributionand
somespecialconsiderationsarenecessary.

Theliftdistributionwiththeresonanttermassumedtobe zero
will.ingeneralproducesomevalueofthereso~t coefficient(h~)r.
Topreventtheintroductionof infiniteinducedanglesandthustomake
the
the
of

liftdistributionconsistentwiththeinduced-angledistribution,
liftdistributionmustbe somodifiedas toresultin zerovalues
h% sothat h~/Z~ willbe finite.

Supposethat ‘%— = 1,andcomputethecorrespondingchangeof
‘%

inducedangle4(P) andtheaccompanyingchangein circulationdis-
tributionAr(p).From Al?(p)computeAh~ fromeqy.ations10(a)
and10(b),andan equationsimilarto ~9). Nowbecausehn(p)c r(p)
~d Ar(p)=4(P), take C sothat

cAh (%)%=-h r
(56)

andadjusttheinducedanglesandthecirculationbyaddingC %(p)

and C Al?(p),respectively. ‘% cThisisequivalentto taking— =
z~

where h%
.Z%=o. Theprocessisinexact,of course,be-useof

theeffectoftheaddedAr(p) on theinducedvelocities,andsucces-
siveapproximationsarethereforerequired.

Theaboveiterationprocessmaybe perfomedmentallyonthe
hypotheticalpropellerdefinedat thebeginningofthissectionin
whichthepropellerwasWsted withan angleofattackwithrespect
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to thezero-liftangleoftheairfoilsectionsequalto theinducedangle
of attackoftheresonantmodemultipliedby a constantfactor.Itwill
be seenthattheprocessgivesthecorrectresult,whichis zerolift
overthewholeblade.Thevalidityoftheiterationprocessisthuscon-
firmedtotheextentthattheabovementionedhypotheticalpropeller
actuallydoesproduceno lift.Thelatterquestionappearstorequire
experimentalverification.Thisrequirementisnotsurprisingwhenitis
recalledthatthePrandtllifting-linewingtheory,inwhichlifting
linesweretobe replaceableby finitechordsofthesamecirculation,
couldnotbe rigorouslyjustifiedamdhadtoawaitexperimental
verification.

VELOCI’IY13M!ENTIALIt?FRXEAJR

Thevelocitypotentialinfreeairhasa formdifferentfromthat
wherea tunnelispresent;thedifferenceisanalogousto.thechange
of a Fourierseriesintoan integralwhentheintervalof expansion
becomesinfinitelygreat.As f= as the
cerned,itisbelievedthattheywilJbe
withthetunnelpresent.Therefore,the
be derivedindetail.

FromHankel’sintegral(seeeq.(3)

m P

inducedvelocities&e con-
notmuchdifferentfromthose
free-airpotentialwild.not

onp. 453ofref.6)

(57)Fn(R)=~ 7 dy~ Fn(s)J~(7s)Jfi(7R)sds
o 0

thefunctionR intheReissnerpotentialas ~~ canberepresented
by

where Fri.(R)becomes%(P)
functionfn(y) isgivenby

fn(y)=

by comparisonwithequation(36)andthe

J

co
hn(x)J~(7s)ti (59)

o
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functionhn(p) usedheremustsuittheboundaryconditionsofthe
wake,obtainedfromequations(10)by letting~~.

By analogywithequation(n) andbyusinga formofeqqtion(57),
choose

(60)
whichisa solutionof eqyation(5) ifdifferentiationundertheintegral
ispermissible.Thephysicalconditionsmaynowbe imposedbymethods
similartothoseinthecasewherea tunnelwaspresent.It~llbe found

thatthefunctions’Cn(y) containtheradical/*in the

denominator,andthisradicalisthecounterpartof l~d (seeeq.(13)).
Therefore,thesummationover j forthetunnelcasepassestoa inte-
grationover 7 wherethepossibleinfinitycausedby ln~ inthe
denominatorbecomesinfreeaira square-rootsingulari~in theinte-
gration,whichshouldcauseno difficulty.

NUMERICALIEANPLE

A two-bladepropellerisassumedtooperateatan advanceMach
numberM of0.8193,with p at thetipequaltounity;”therefore,
theadvanceratioV/nD is ti,andthecirculationdistributionis

V=7r*(p)S:P 1

where

r*=MVTr (62)

.—. .— —. — .——. -————
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pliedby propellerti=eter
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r and V/nD istheconventionalparameter
velocityinrevolutionsperunittimemulti-
D. Thecirculationr* isplottedin fig-

&e 5, fromequation(61),alongwiththecorrespondinginducedquan-
titiesfiai/VJiiti/V,and aii,where u.iiiStheinducedan@e of
attackforincompressibleflowexpressedinradians.Noparticular
significanceistobe attachedtothefactor1/6in equation(61)or
totheprecisechoiceM = 0“8193”

H equations(49)and(z) arewittenas

%= =ii&i+~ (63)

Etc=qi+hut (Q)

where~ and Aut sxethechangesdueto compressibility,then

(65)

If h*ti,basedon l?* insteadof 17,isdefinedas

h*~ m=—h&
V2

(67)

—
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thecompressibilityeffectsinratioto
determinedfromequations(65) and(66)

theincompressiblecanbe
as follows:

(68)

(69)

where

( )[Y&k~h*~Jfi— (nB)2am(p) = P -i2~ -
P~ 1 (70)

.-i2&2p~2

t&(P) ‘

Thecoefficientsh*~
forthefirstsixtermsin
withtheverycomplete
areusedto calculate
tablesIIIandIV.

fwvTheratios—
~i/v

()Y&:h&J~ — (IIB)2

PTP -i2&
(71)

‘and-il~ aretabulatedintables1 andII
then-wisesummation.Thesecoefficients,

tabulationof theBesselfunctionsinreference7..
*(P ) ad t~(P) whicharetabulatedin ‘

~d Al@
— whichexpressthecompressibility
%Llv

effectsinratiotothevelocitiesin incompressibleflowareplotted
againstp infigure6. Thecompressibilityeffectis seentobe very
small,lessthan4 percent.

—— —— —— ..—.
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Beforediscussingtheinducedangleofattack,someexplanationof
velocitydiagramsinfigure7 maybe desirable.Figure7(a)shows
conventionalvelocity‘diagramof incompnssible-flowpropeller

theory.Fi@e 7(b)showsthecompressibilityeffectssupe~osedon
theincompressible.Sinceonlythepartofthediagr=showingthe
inducedvelocitiesis @ortant,an enlargementofthispartis shown
infigure7(c). ThelinesA-A,B-B,andC-Cwhicharethesidesof
theinducedanglesmayallbe drawnparallelto thelocalhelical
directionina small-disturbanceflow.

If & isthechangeininducedangleofattackaccompanyingA%
and ~, thenfromfigure7

which,by usingequations(68) and(69), canbe putin theform

(73)

where
.

%(’) = 1
[ 1P*(P) +:%(’)

1+’2
(74)

Valuesof ~(p) aretabulatedintableV. Theratio%/~i plotted

in figure6 is seentobe verysmall;thisfactindicatesthattheinduced
efficiencyisreducedonly1 or2 percentby compressibility,tothe
accuracyprovidedby sixtermsinthesunmationover n.

Ih figure8, partialsumsof ~(p) areplottedsothatthecon-
tributionof succeedingtermscanbe seen.Thereisa shiftinthe
convergencewiththeadditionofthefifthterm.Thisshiftis caused
by anunusudJylargeh*~ at n=5, ~ =3. .
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Itshouldbe notedthat,althoughtheinducedanglehasbeencalcu-
latedfora prescribedcirculationdistribution,nothingis saidabout
theshapeofthepropellerrequiredto givethiscirculationdistribu-
tion.At sbme n, theremaybe an 1~ sufficientlycloseto zeroso
thata stronglyoscillatoryinduced-an@edistributionisfinally
indicatedandanunusualblade-angledistributionwouldresult.Appar-
ently,a degreeofarbitrarinessislostingivingarbitr~ circulation
dlstributiomif theyaretobe relatedtoreasonablyshapedpropellers.
Morerealisticistheviewthatthepropellershapeisprescribedand
thentheperformanceis calculated.Thisapproachwouldmeaninthe
presentexamplethat,afterthecalculationoftheinducedangle,its
effecton theinitialcirculationdistributionwouldbe calculated,
afterwhichthenewdistributionwouldbe usedfora newinduced-angle
calculation.Intheprocess,theresonantmodewouldbe suppressed,
anda reasonableinduced-angledistributionamda circulationdistribu-
tionsomewhatdifferentfromthatof theprescribedpropellerinan
incompressibleflowwouldresult.

CONCLUDINGREM4RKS

Thevelocitypotentialfora lifting-linepropellerwithsubsonic
advancevelocitybutunrestrictedtipspeedhasbeenderivedin cylin-
dricalharmonics.Thetheoryisfora linearequationofmotionandmust
be restrictedtoadvanceMachnumbersnottooclQseto one.

Fromthevelocitypotential,theinductionat thebladehasbeen
obtainedwitha viewtopreservinga sthictanalogyto theinduced-
angle-of-attackconceptembodiedinPrandtl’slifting-linewingtheory
whichhasbeencarriedovertopropellersby GoldsteinandReissner.

ThePrandtlinducedangleofattackbecomesrepresentableby the
basicincompressibleresultsplussomecompressibilityeffectsexpressed
ininfiniteseries.Amongthetermsintheseriesthereisalwaysat
leastonewhichbecomesmagnifiedwithindefinitegreatnessin compari-
sonwiththeothers,an effectresemblingresonanceinvibrationtheory.

A numericalexampleisprovidedinwhicha limitednumberof terms
intheseriesexpressionfortheinducedangleofattackhavebeen
calculatedfora propellerwitha reasonableliftdistribution.The
compressibilityeffectappearstobe negligib~small,butitmustbe
notedthattherewasnoresonanttermamongthetermscalcukted.It
isremarkedthatthearbitr~ prescriptionof theliftdistribution
cannotbe madeifresonanceistobe considered.

Althoughthepresentcalcuktionindicatesthatthenonresonant
termsinthevelocitypotentialproduceonlya smallcompressibility

—-..——.. — —— -.—.— —
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effectontheinductionat theblade,itisnotcertainthattheresonant
term,ornear-resonantterms,wouldnotmakea significantcontribution.
Inotherwo~ds,ifan examplewerechosenforcalculationinwhich‘the
propellergeometrywereprescribedinsteadoftheliftdistribution,and
iftheoperatingconditionsofthepropellerwerechosentomakea certain
convenienttermresonant,then,aftercompletinga somewhatlaborious
iterationprocess,a significantcompressibilityeffectmightbe observed
as a resultofthedirectconsiderationoftherelationofresonanceto
a realisticphysicalproblem.Itis theauthor’sopinionthatthecalcu-
lationcouldprobablybe madewithsufficientaccuracyby considering
onlytheinductionof theReissnerpotentialandtheresonanttermwith
thenonresonanttermsneglected.Onemightbe ledfurtherto expect
sucha calculationto explaintheexperimentallyobserveddipsinthe
liftdistributionsofpropellersoperatingattipspeedsabovea Wch
numberof 1.00;unfortunately,theexplanationwouldnotbe completely
clear,however,becausethereisalwaystheuncertaineffectof compressi.
bilityon theairfoilpropertiesinthetransonicrangewhichisproba-
blya considerablecauseofthedipsintheliftdistribution.

Withregardto experimentalverificationsthereisonecheckwhich
wouldseemtobe satisfactorilydefinite.Itconsistsintestinga
propellerina circularwindtunnelat an operatingconditionproducing
an exactresonancefora particulartermormodein theseriesexpres-
sionfortheinducedangleofattack.Iftheblade-angledistribution
forthebladeis sodesignedthattheairfoilshave,withrespectto
zerolift,anangle-of-attackdistributionthesameas (ordiffering
onlyby a constantfactorfrom)theinducedangleofattackofthe
resonantmode,then,accordingtothetheory,thepropellercould
supportno load. Thepropellerwouldneedtobe constructedwithsome
accuracyintheblade-angledistributionbuttheotherdesignparticu-
larswouldbe arbitrary.Inparticular,theairfoilsmightjustas
wellbe symnetric.

LangleyAeronauticalLaboratory,
NationalAdvisoryConmd.tteeforAeronautics,

.

?kngleyField,Vs.,July7, 1953.

.
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Figurel.-Orfentation of cylindrical coordinate system.
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